We study static, spherically symmetric vacuum solutions to Quadratic Gravity, extending considerably our previous Rapid Communication [Phys. Rev. D 98, 021502(R) (2018)] on this topic. Using a conformal-to-Kundt metric ansatz, we arrive at a much simpler form of the field equations in comparison with their expression in the standard spherically symmetric coordinates. We present details of the derivation of this compact form of two ordinary differential field equations for two metric functions. Next, we apply analytical methods and express their solutions as infinite power series expansions. We systematically derive all possible cases admitted by such an ansatz, arriving at six main classes of solutions, and provide recurrent formulas for all the series coefficients. These results allow us to identify the classes containing the Schwarzschild black hole as a special case. It turns out that one class contains only the Schwarzschild black hole, three classes admit the Schwarzschild solution as a special subcase, and two classes are not compatible with the Schwarzschild solution at all since they have strictly nonzero Bach tensor. In our analysis, we naturally focus on the classes containing the Schwarzschild spacetime, in particular on a new family of the Schwarzschild-Bach black holes which possesses one additional non-Schwarzschild parameter corresponding to the value of the Bach tensor invariant on the horizon. We study its geometrical and physical properties, such as basic thermodynamical quantities and tidal effects on free test particles induced by the presence of the Bach tensor. We also compare our results with previous findings in the literature obtained using the standard spherically symmetric coordinates.
Introduction
Soon after Albert Einstein formulated his General Relativity in November 1915 and David Hilbert found an elegant procedure how to derive Einstein's field equations from the variational principle, various attempts started to extend and generalize this gravity theory. One possible road, suggested by Theodor Kaluza exactly a century ago in 1919, was to consider higher dimensions in an attempt to unify the field theories of gravitation and electromagnetism. In the same year, another road was proposed by Hermann Weyl. In this case, the idea was to derive alternative field equations of a metric theory of gravity by starting with a different action. Instead of using the Einstein-Hilbert Lagrangian of General Relativity, which is simply the Ricci curvature scalar R (a double contraction of a single Riemann tensor), Weyl proposed a Lagrangian containing contractions of a product of two curvature tensors. Such a Lagrangian is thus not linear in curvature -it is quadratic so that this theory can be naturally called "quadratic gravity". Einstein was well aware of these attempts to formulate such alternative theories of gravity, and for some time he also worked on them. Interestingly, expressions for the quadratic gravity theory can be found even in his last writing pad (at the bottom of its last but one page) which he used in spring 1955.
Although it turned out rather quickly that these original classical theories extending General Relativity led to specific conceptual, mathematical and physical problems, the nice ideas have been so appealing that -the whole century after their conception -they are still very actively investigated. Both the higher dimensions of the Kaluza-Klein theory and Weyl's higher-order curvature terms in an effective action are now incorporated into the foundations of string theory. Quadratic Gravity (QG) also plays an important role in contemporary studies of relativistic quantum field theories.
Quadratic Gravity is a very natural and quite "conservative" extension of the Einstein theory, the most precise gravity theory today. Quadratic terms in the QG Lagrangian can be understood as corrections to General Relativity, which may play a crucial role at extremely high energies. In the search for a consistent quantum gravity theory, which could be applicable near the Big Bang or near spacetime singularities inside black holes, it is important to understand the role of these higher-order curvature corrections.
Interestingly, it was suggested by Weinberg and Deser, and then proved by Stelle [1] already in the 1970s that adding the terms quadratic in the curvature to the Einstein-Hilbert action renders gravity renormalizable, see the very recent review [2] . This property is also preserved in the general coupling with a generic quantum field theory. However, due to the presence of higher derivatives, "massive ghosts" also appear (the corresponding classical Hamiltonian is unbounded from below). Nevertheless, there is a possibility that these ghosts could be benign [3] . For all these reasons, this QG theory has attracted considerable attention in recent years.
In our work, we are interested in classical solutions to QG in four dimensions. It can be easily shown that all Einstein spacetimes obey the vacuum field equations of this theory. However, QG also admits additional vacuum solutions with nontrivial Ricci tensor. In this paper, we focus on such static, spherically symmetric vacuum solutions without a cosmological constant. They were first studied in the seminal work [4] , in which three families of such spacetimes were identified by using a power expansion of the metric functions around the origin. The failure of the Birkhoff theorem in Quadratic Gravity has also been pointed out therein. Spherically symmetric solutions were further studied in [5] , where also numbers of free parameters for some of the above-mentioned classes were determined. Recently it has been pointed out in [6] [7] [8] that, apart from the Schwarzschild black hole and other spherical solutions, QG admits a non-Schwarzschild spherically symmetric and static black holes.
The field equations of a generic Quadratic Gravity theory form a highly complicated system of fourth-order nonlinear PDEs. Only a few nontrivial exact solutions are thus known so far, and various approximative and numerical methods have had to be used in their studies. Specifically, in the new class of black holes presented in [6] , the two unknown metric functions of the standard form of spherically symmetric metric were given in terms of two complicated coupled ODEs which were (apart from the first few orders in the power expansion) solved and analyzed numerically. Interestingly, all QG corrections to the four-dimensional vacuum Einstein equations for constant Ricci scalar are nicely combined into a conformally well-behaved Bach tensor. Together with a conformal-to-Kundt metric ansatz [9] , this leads to a considerably simpler autonomous system of the field equations. We employed this approach in our recent letters [10] and [11] for vanishing and nonvanishing cosmological constant, respectively. In [10] we were thus able to present an explicit form of the corresponding nontrivial blackhole spacetimes -the so-called Schwarzschild-Bach black holes with two parameters, a position of the horizon and an additional Bach parameter. By setting this additional Bach parameter to zero, the Schwarzschild metric of General Relativity is directly recovered. In the present considerably longer paper, we are now giving the details of the derivation summarized in [10] , and also survey and analysis of other classes of spherically symmetric solutions to Quadratic Gravity.
Our paper is organized as follows. In Sec. 2 we recall the Quadratic Gravity and the EinsteinWeyl theory, and we put the corresponding field equations into a convenient form in which the Ricci tensor is proportional to the Bach tensor. In Sec. 3 we introduce a suitable spherically symmetric metric ansatz in the conformal-to-Kundt form, and we give relations to the standard metric form. In Sec. 4 we overview the derivation of the field equations with various technical details and thorough discussion being postponed to Appendices A-C. In Sec. 5 expressions for curvature invariants are derived. In Sec. 6 expansions in powers of ∆ ≡ r − r 0 around a fixed point r 0 , and for r → ∞ are introduced. In Sec. 7 the leading orders in ∆ of the field equations are solved and four main classes of solutions are obtained. For these solutions, in Sec. 8 all coefficients of the metric functions in the power expansions in ∆ are given in the form of recurrent formulas, convenient gauge choices are found, and various aspects of the solutions are discussed. Sections 9 and 10 focus on the same topics as Secs. 7 and 8, respectively, but this time for expansions r → ∞. In Sec. 11 the relation of the solutions obtained in Secs. 7-10 (including their special subcases) to the solutions given in the literature is discussed, and summarized in Table 3 . Mathematical and physical aspects (specific tidal effects and thermodynamical quantities) of the Schwarzschild-Bach solutions are discussed in Sections 12 and 13, respectively. Finally, concluding remarks are given in Sec. 14.
Quadratic Gravity and the Einstein-Weyl theory
Quadratic Gravity (QG) is a natural generalization of Einstein's theory that includes higher derivatives of the metric. Its action in four dimensions contains additional quadratic terms, namely square of the Ricci scalar R and a contraction of the Weyl tensor C abcd with itself [12, 13] . In the absence of matter, the most general QG action generalizing the Einstein-Hilbert action reads [9] 
where γ = 1/G (G is the Newtonian constant), Λ is the cosmological constant, and α, β are additional QG theory parameters. The Einstein-Weyl theory is contained as a special case by setting β = 0. Vacuum field equations corresponding to the action (1) are
where B ab is the Bach tensor defined as
It is traceless, symmetric, and conserved:
and also conformally well-behaved (see expression (275) below). Now, assuming R = const., the last two terms in (2) containing covariant derivatives of R vanish. Using (4), the trace of the field equations thus immediately implies
By substituting this relation into the field equations (2), they simplify considerably to
In this paper, we restrict ourselves to investigation of solutions with vanishing cosmological constant Λ (see [11] for the study of a more general case Λ = 0). In view of (5), this implies vanishing Ricci scalar,
and the field equations (6) further reduce to a simpler form
where the constant k is now a shorthand for the combination of the theory parameters k ≡ α/γ = Gα. For k = 0 we recover vacuum Einstein's equations of General Relativity. Interestingly, all solutions of (8) in Einstein-Weyl gravity (β = 0) with R = 0 are also solutions to general Quadratic Gravity (β = 0) since for Λ = 0 the QG parameter β does not contribute to the constant k defined by (6) . 1 In four dimensions, the Gauss-Bonnet term R abcd R abcd − 4R ab R ab + R 2 does not contribute to the field equations.
Black hole metrics
For studying static, nonrotating black holes, it is a common approach to employ the canonical form of a general spherically symmetric metric
In particular, for the famous Schwarzschild solution of Einstein's General Relativity [14] (and also of QG), the two metric functions are the same and take the well-known form
The metric (9) was also used in the seminal papers [6, 7] to investigate generic spherical black holes in Quadratic Gravity, in which it was surprisingly shown, mostly by numerical methods, that such a class contains further black-hole solutions distinct from the Schwarzschild solution (10) . It turned out that while the Schwarzschild black hole has f = h, this non-Schwarzschild black hole is characterized by f = h. However, due to the complexity of the QG field equations (2) for the classical metric form (9), it has not been possible to find an explicit analytic form of the metric functions f (r), h(r).
A new convenient metric form of the black hole geometry
As demonstrated in our previous works [10, 11] , it is much more convenient to employ an alternative metric form of the spacetimes represented by (9) . This is obtained by performing the transformation
resulting in ds
The two new metric functions Ω(r) and H(r) are related to f (r) and h(r) via simple relations
where prime denotes the derivative with respect to r. Of course, the argument r of both functions Ω and H must be expressed in terms ofr using the inverse of the relationr = Ω(r). The metric (12) admits a gauge freedom given by a constant rescaling and a shift of r,
More importantly, this new black hole metric is conformal to a much simpler Kundt-type metric,
Indeed, ds 2 Kundt belongs to the famous class of Kundt geometries, which are nonexpanding, shear-free and twist-free, see [15, 16] . In fact, it is a subclass of Kundt spacetimes which is the direct-product of two 2-spaces, and is of Weyl algebraic type D and Ricci type II [9, 16] . The first part of
spanned by θ, φ is a round 2-sphere of Gaussian curvature K = 1, while the second part spanned by u, r is a 2-dim Lorentzian spacetime. With the usual stereographic representation of a 2-sphere given by x + i y = 2 tan(θ/2) exp(iφ), this Kundt seed metric can be rewritten as
The black hole horizon
In the usual metric form (9) , the Schwarzschild horizon is defined by the zeros of the same two metric functions h(r) = f (r). Due to (10) , it is located atr h = 2m, where m denotes the total mass of the black hole. In a general case, such a horizon can be defined as the Killing horizon associated with the vector field ∂ t . Its norm is determined by the metric function −h(r). In the regions where h(r) > 0, the spacetime is static and t is the corresponding temporal coordinate. The Killing horizon is generated by the null vector field ∂ t , and it is thus located at a specific radiusr h satisfying
In terms of the new metric form (12), we may similarly employ the vector field ∂ u which coincides with ∂ t everywhere. Its norm is given by Ω 2 H. Since the conformal factor Ω is nonvanishing throughout the spacetime, the Killing horizon is uniquely located at a specific radius r h satisfying the condition
Interestingly, via the relations (13) this automatically implies h(r h ) = 0 = f (r h ). It is also important to recall that there is a time-scaling freedom of the metric (9)
where σ = 0 is any constant, which implies h → h σ 2 . This freedom can be used to adjust an appropriate value of h at a chosen radiusr. Or, in an asymptotically flat spacetime such as (10) it could be used to achieve h → 1 asr → ∞, thus enabling us to determine the mass of a black hole.
The Kundt seed of the Schwarzschild solution
It is also important to explicitly identify the Kundt seed geometry (16) which, via the conformal relation (15) , generates the well-known vacuum Schwarzschild solution. This is simply given bȳ
Indeed, the first relation implies r = −1/r, so that H(r) = −(1 − 2m/r)/r 2 . Using (13), we easily obtain (10) . It should be emphasized that the standard physical ranger > 0 corresponds to r < 0. Also, the auxiliary Kundt coordinate r increases from negative values to 0, asr increases to ∞. Notice that H given by (21) is simply a cubic in the coordinate r of the Kundt geometry. For m = 0, the Kundt seed with H = − r 2 is the Bertotti-Robinson spacetime with the geometry S 2 × AdS 2 (see chapter 7 of [16] ), and the corresponding conformally related metric (15) is just the flat space. It should also be emphasized that, while the Schwarzschild and Minkowski spacetimes are (the simplest) vacuum solutions in Einstein's theory, their Kundt seeds (21) are not vacuum solutions in Einstein's theory since their Ricci tensor is nonvanishing. In fact, the Bertotti-Robinson geometry is an electrovacuum space of Einstein's theory.
Since conformal transformations preserve the Weyl tensor, both ds 2 and ds 2 Kundt are of the same algebraic type. Indeed, in the null frame k = ∂ r , l = 
The Robinson-Trautman form of the black hole metrics
Recently, we have proven in [9] that any metric conformal to a Kundt geometry must belong to the class of expanding Robinson-Trautman geometries (or it remains in the Kundt class). Indeed, performing a simple transformation r(r) of (15), (17) , such that
we obtain
This has the canonical form of the Robinson-Trautman class [15, 16] with the identification
The Schwarzschild black hole is recovered for Ω(r) =r that is Ω ,r = 1, equivalent to f (r) = h(r). Other distinct non-Schwarzschild black hole solutions are identified by f (r) = h(r). The Killing horizon is obviously given by H(r h ) = 0, corresponding to H(r h ) = 0 = h(r h ) and f (r h ) = 0.
The field equations
The conformal approach to describing and studying black holes and other spherical solutions in Einstein-Weyl gravity and fully general Quadratic Gravity, based on the new form of the metric (12) , is very convenient. Due to (15) , it enables to evaluate easily the Ricci and Bach tensors, entering the field equations (8) , from the Ricci and Bach tensors of the much simpler Kundt seed metric ds 2 Kundt . In particular, to derive the explicit form of the field equations, it is possible to proceed as follows: 3. These explicit components of the Ricci and Bach tensors are substituted into the field equations of Quadratic Gravity, which we already reduced to the expression R ab = 4k B ab , see (8) . This immediately leads to a very simple and compact form of these field equations. Moreover, using the Bianchi identities, it can be shown that the whole system reduces just to two equations (299), (300) for the metric functions Ω(r) and H(r), see Appendix C.
By this procedure, we thus arrive at a remarkably simple form of the field equations (8) for spherically symmetric vacuum spacetimes in Einstein-Weyl gravity and general Quadratic Gravity with R = 0, namely two ordinary differential equations for the two metric functions Ω(r) and H(r):
The functions B 1 (r) and B 2 (r) denote two independent components of the Bach tensor,
Recall also the relation (7), that is R = 0, which is a trace of the field equations (8) . This relation takes the explicit form
see (281). Indeed, it immediately follows from (25), (26): just subtract from the derivative of the second equation the first equation multiplied by H (and divide the result by 6Ω ).
It is a great advantage of our conformal approach with the convenient form of the new metric (12) that the field equations (25), (26) are considerably simpler than the previously used field equations for the standard metric (9) . Moreover, they form an autonomous system, which means that the differential equations do not explicitly depend on the radial variable r. This will be essential for solving such a system, finding their analytic solution in the generic form (39), (40) or (43), (44) in subsequent Section 6.
Fundamental scalar invariants and geometric classification
For a geometrical and physical interpretation of spacetimes that are solutions to the field equations (25), (26), it will be crucial to investigate the behaviour of scalar curvature invariants constructed from the Ricci, Bach, and Weyl tensors themselves. A direct calculation yields
To derive these expressions, we have used the field equations, the quantities (277)- (280), (267) 
Moreover,
because the relation H + 2 = 0 substituted into (31) gives B ab B ab = 0, i.e., B ab = 0 due to (33). Notice also that the first Bach component B 1 = HH always vanishes on the horizon where H = 0, see the condition (19) .
In view of the key invariant (31), there are two geometrically distinct classes of solutions to (25), (26), depending on the Bach tensor B ab . The first simple case corresponds to B ab = 0, while the much more involved second case, not allowed in General Relativity, arises when B ab = 0. This invariant classification has geometrical and physical consequences. In particular, the distinction of spacetimes with B ab = 0 and with B ab = 0 can be detected by measuring geodesic deviation of test particles, see Section 13.1 below.
B ab = 0: Uniqueness of Schwarzschild
First, let us assume the metrics (12) such that B ab = 0 everywhere. In view of (33) and (31), this condition requires B 1 = 0 = B 2 , that is
Therefore, all left-hand sides and right-hand sides of equations (25) and (26) vanish separately, i.e.,
The first equations of (35) and (36) imply that H must be at most cubic, and Ω −1 must be at most linear in r. Using a coordinate freedom (14) of the metric (12) , without loss of generality we obtain Ω = −1/r. The remaining equations (35), (36) then admit a unique solution
Not surprisingly, this is exactly the Schwarzschild solution of General Relativity, see equation (21 
Clearly, for m = 0 there is a curvature singularity at r → ∞ corresponding tor = Ω(r) = 0. 2 
B ab = 0: New types of solutions to QG
Many other spherically symmetric vacuum solutions to Quadratic Gravity and Einstein-Weyl gravity exist when the Bach tensor is nontrivial. They are much more involved, and do not exist in General Relativity. Indeed, the field equations (8) imply R ab = 4k B ab = 0, which is in contradiction with vacuum Einstein's equations R ab = 0. In the rest of this paper, we now concentrate on these new spherical spacetimes in QG, in particular on black holes generalizing the Schwarzschild solution. First, we integrate the field equations (25), (26) for the metric functions Ω(r) and H(r). Actually, we demonstrate that there are several classes of such solutions with B ab = 0. After their explicit identification and description, we will analyze their geometrical and physical properties.
Solving the field equations
For nontrivial Bach tensor (B 1 , B 2 = 0), the right-hand sides of the field equations (25), (26) are nonzero so that the nonlinear system of two ordinary differential equations for Ω(r), H(r) is coupled in a complicated way. Finding explicitly its general solution seems to be hopeless. However, it is possible to write the admitted solutions analytically, in terms of (infinite) mathematical series expressed in powers of the radial coordinate r.
In fact, there are two natural possibilities. The first is the expansion in powers of the parameter ∆ ≡ r − r 0 which expresses the solution around any finite value r 0 (including r 0 = 0). The second possibility is the expansion in powers of r −1 which is applicable for large values of r. Let us now investigate both these cases.
Expansion in powers of
It is a great advantage that (25), (26) is an autonomous system. Thus we can find the metric functions in the form of an expansion in powers of r around any fixed value r 0 ,
where
and r 0 is any real constant. 3 In particular, in some cases this allows us to find solutions close to any black hole horizon r h by choosing r 0 = r h . It is assumed that i = 0, 1, 2, . . . are integers, so that the metric functions are expanded in integer steps of ∆ = r − r 0 . On the other hand, the dominant real powers n and p in the expansions (39) and (40) need not be positive integers. We only assume that a 0 = 0 and c 0 = 0, so that the coefficients n and p are uniquely defined as the leading powers.
By inserting (39)-(41) into the field equations (25), (26), we prove in Section 7 that only 4 classes of solutions of this form are allowed, namely 
Analogously, we may study and classify all possible solutions to the QG field equations for an asymptotic expansion as r → ∞. Instead of (39), (40) with (41), for very large r we can assume that the metric functions Ω(r), H(r) are expanded in negative powers of r as
Inserting the series (43), (44) into the field equations (25), (26), it can be shown that only 2 classes of such solutions are allowed, namely 7 Discussion of solutions using the expansion in powers of ∆ By inserting the series (39), (40) into the first field equation (25), the following key relation is obtained
The second field equation (26) puts further constraints on the admitted solutions, namely
A considerably simpler is the additional (necessary but not sufficient) condition following from the trace equation (29) which reads
Now we analyze the consequences of the equations (46)-(48). First, by comparing the corresponding coefficients of the same powers of ∆ l on both sides of the key relation (46), we can express the coefficients c j in terms of (products of) a j . Moreover, the terms with the lowest order put further restrictions. In particular, comparing the lowest orders on both sides (that is l = 2n − 2 and l = p − 4) it is obvious that we have to discuss three distinct cases, namely:
• Case III: 2n − 2 = p − 4 , i.e., p = 2n + 2 . Now let us systematically derive all possible solutions in these three distinct cases.
Case I
In this case, 2n − 2 < p − 4, so that the lowest order in the key equation (46) is on the left hand side, namely ∆ l with l = 2n − 2, and this yields the condition
There are thus only two possible cases, namely n = 0 and n = −1. Next, it is convenient to apply the equation (48) whose lowest orders on its both sides are
For n = 0, these powers are ∆ p−2 and ∆ 0 , respectively, but p − 2 > 2n = 0 by the definition of Case I. The lowest order 0 = −2∆ 0 thus leads to a contradiction. Only the possibility n = −1 remains, for which (50) reduces to
Since c 0 = 0, the only possibility is p = 2, in which case c 0 = −1.
To summarize: The only possible class of solutions in Case I is given by
Case II
In this case, 2n − 2 > p − 4, so that the lowest order in the key equation (46) is on the right hand side, namely ∆ l with l = p − 4, and this gives the condition
Thus there are four possible cases, namely p = 0, p = 1, p = 2, and p = 3. Equation (48) has the lowest orders on both sides the same as given by equation (50), that is
for p = 1 :
for p = 2 :
for p = 3 :
Moreover, the lowest orders of all the terms in the field equation (47) for the case p = 2, implying n > 0, are 3a
which requires c 0 = ±1, but the constraint (56) 3n 2 + 3n + 1 = ±1 cannot be satisfied for n > 0.
To summarize: The only possible three classes of solutions in Case II are given by
7.3 Case III
In such a case, the lowest order in the key equation (46) is on both sides, namely ∆ l with l = p − 4. This implies the condition
There are three subcases to be considered, namely p = 0, p = 2, and 3a 2 0 = −4kc 0 (p − 1)(p − 3) with p = 0, 1, 2, 3. This corresponds to n = −1, n = 0, and 3a 2 0 = −4kc 0 (4n 2 − 1) with n = −1, −1/2, 0, 1/2, respectively. The leading orders of the trace equation (48) on both sides are
Consequently, we obtain
for n = 0 ⇔ p = 2 :
for 3a
The incompatibility in the cases (62) and (64) are due to the fact that c 0 = 0 and 11n 2 + 6n + 1 is always positive. In the case (63), we employ the field equation (47) which for n = 0, p = 2 gives the condition 3a 2 0 + 2k(c 2 0 − 1) = 0. Since c 0 = −1 implies a 0 = 0, we again end up in a contradiction.
To summarize: There are no possible solutions in Case III. (41), with r 0 = 0, using the expression (37) as
where m is a free parameter. Let us prove the uniqueness. The full key equation (46) for n = −1 p = 2 reads
which necessarily implies
that is
The second field equation (47), using (68), takes the explicit form
which implies c 2 = 0 .
However, instead of solving (71) for a general l, it is convenient to employ the "trace equation" (48)
This can be rewritten as
i.e., by relabeling the index l → l + 2, as
Now, we employ the mathematical induction. Let us assume that for some l ≥ 0
For l = 0 this is true due to (68), (72). Then the field equation (70) reduces to
while equation (75) gives
This obviously implies a l+4 = 0 and c l+3 = 0, completing the induction step. Therefore, all coefficients a i for i ≥ 1 and all c i for i ≥ 2 vanish, which means that the only possible solution in Case I is
With the coordinate freedom (14) , enabling us to set a 0 = −1 and ∆ = r, this is exactly the explicit Schwarzschild solution (37).
To conclude: The class of solutions [n, p] = [−1, 2] represents spherically symmetric Schwarzschild solution (37), and it is the only solution in this class.
Schwarzschild-Bach black holes in the class [n, p] = [0, 1]: near the horizon
Now we will prove that this second class represents spherically symmetric non-Schwarzschild solutions to QG that describe black holes with nonvanishing Bach tensor. Thus it is natural to call this family Schwarzschild-Bach black holes. The first three terms in the expansion of the full solution take the explicit form
where r h localizes the black hole horizon since H(r h ) = 0. In fact, for the whole class [n, p] = [0, 1], the metric function H given by (40), (41) takes the generic form H(r) = (r − r 0 ) c 0 + c 1 (r − r 0 ) + . . . , which means that r = r 0 is the root of H, and thus the horizon. Therefore, we can identify the constant r 0 (around which the solution is expanded) with the location of geometrical/physical horizon,
When the additional new "Bach parameter" b in (81), (82) is set to zero, the Bach tensor vanishes, and this solution reduces to the Schwarzschild spacetime (37) with r h = −1/(2m).
Let us systematically derive the complete analytic form of these Schwarzschild-Bach black holes, leading to (81), (82). The equation (46) 
where l ≥ 0. Relabeling l → l − 1, we thus obtain
which enables us to express all coefficients c l+2 in terms of a 0 , . . . , a l+1 , starting from c 3 . In the lowest nontrivial order l = 0, the "trace equation" (48) implies
while for higher orders l = 1, 2, . . ., yields
which expresses all a l+1 in terms of a 0 , . . . , a l and c 1 , . . . , c l+1 . Finally, in the lowest nontrivial order l = 0, the field equation (47) gives the constraint 6kc 0 c 2 = 3a 0 (a 0 + a 1 c 0 ) + 2k(c 2 1 − 1). Using (86), this becomes
There are thus three free initial parameters, namely a 0 , c 0 , and c 1 (apart from r 0 = r h ). Using (86), (88), we obtain a 1 , c 2 , and then a l+1 , c l+2 for all l = 1, 2, . . . by the alternate application of the recurrent relations (87), (85). This gives the complete analytic solution. Now, the scalar invariants (31), (32) evaluated at r = r h ≡ r 0 take the form
The Bach tensor is in general nonvanishing. In fact, for a physical interpretation of this family of solutions, it is convenient to introduce a new parameter b proportional to 1 − c 2 1 + 3c 0 c 2 . Setting b = 0 then gives the necessary condition for the Bach tensor to vanish. In view of (88), such Bach parameter b can be defined simply as
so that the Bach scalar invariant (89) at the black hole horizon r h becomes
Using b as the dimensionless key parameter in the expansion (39), (40), the recurrent relations (87), (85) readily yield an explicit solution of the field equations in the form
. . ,
and so on, where a 0 , c 0 , and b are three free parameters.
Identification of the Schwarzschild black hole
Now, it is possible to identify the Schwarzschild black hole. This is defined geometrically by the property that its Bach tensor vanishes. In view of (91), it requires to set the key parameter b to zero. Interestingly, with b = 0, the expansion coefficients (92), (93) simplify enormously to
The first sequence clearly corresponds to a geometrical series, while the second series is truncated to a polynomial of the 3rd order. The metric functions thus take the explicit closed form
Using the gauge freedom (14) (a constant rescaling and shift of the coordinate r), we are free to chose
so that the metric functions becomē
Clearly, there is a black hole horizon located at r h . This is the Schwarzschild horizon given by the usual condition h = 1 − 2m/r = 0 . In terms of r = −1/r, it is equivalent to r h = −1/(2m). Thus for the case b = 0, we have fully recovered the standard form of the Schwarzschild solution, since the metric functions (99) are exactly the same as (37).
More general Schwarzschild-Bach black holes
When b = 0, the corresponding solution given by (87), (85), that is (92), (93), can be naturally interpreted as generalized black holes with a nontrivial Bach tensor whose invariant value B ab B ab at the horizon is proportional to b 2 , according to (91). Moreover, as b → 0 we explicitly obtain the Schwarzschild black hole (99). Using the summation of the "background" terms independent of b as in (96), and the same gauge fixing (98), it is possible to write this solution explicitly as (81), (82).
Recall that r h still gives the exact value of the horizon even if b is now nonzero, see the text below equation (82).
To express a general solution in this class completely, it is convenient to introduce coefficients α i , γ i as those parts of a i , c i , respectively, which do not involve the b = 0 Schwarzschild "background", i.e., using the following definitions:
With the natural gauge choice (98), the complete solution then takes the explicit form
with the initial coefficients
and all other coefficients α l , γ l for any l ≥ 1 given by the recurrent relations (defining α 0 = 0)
which follow from (87) and (85) for a l+1 and c l+2 , respectively. The first terms generated by these relations are
yielding (81), (82). This family of spherically symmetric black-hole spacetimes (102), (103) in Einstein-Weyl/Quadratic Gravity depends on two parameters with a clear geometrical and physical interpretation, namely:
• The parameter r h identifies the horizon position. Indeed, r = r h is the root of the metric function H(r) given by (103).
• The dimensionless Bach parameter b distinguishes the Schwarzschild solution (b = 0) from the more general Schwarzschild-Bach black hole spacetime with nonzero Bach tensor (b = 0).
In fact, we have chosen the parameter b in such a way that it determines the value of the Bach tensor (27), (28) on the horizon r h , namely
Thus on the horizon, the invariants (31) and (32) of the Bach and Weyl tensors take the values
respectively.
To conclude: The class of solutions [n, p] = [0, 1] represents spherically symmetric SchwarzschildBach black holes (abbreviated as Schwa-Bach), expressed in terms of the series (102), (103) around the horizon r h , i.e., for the special choice r 0 = r h . These Schwa-Bach black holes include and generalize the well-known Schwarzschild black hole.
Restricting to Einstein's theory, corresponding to k = 0, requires a 0 + a 1 c 0 = 0, see the constraint above equation (88). Substituting this into (86), we obtain c 1 = 2, and thus b = 0. This again confirms that the only possible spherical vacuum solution in General Relativity is the Schwarzschild solution.
Let us finally remark that the explicit recurrent relations (105) can be rewritten in a slightly more compact form if we relabel the index l to j ≡ l + 1, so that the relations for any j ≥ 2 become In such a case, the first few terms in the expansion of the full solution take the explicit form 
The key equation (46) for n = 0 = p, after relabeling l → l − 1, gives
Equation (48), relabeling l → l − 1, implies
Finally, the field equation (47) in the lowest nontrivial order l = 0 gives one additional constraint
Thus there are five free initial parameters, namely a 0 , a 1 , c 0 , c 1 , c 2 (in addition to r 0 ). All the remaining coefficients a l+1 , c l+3 in (114) are then obtained by applying the recurrent relations (116), (115), respectively, starting as
Now we show that three of the five initial parameters (namely a 0 , a 1 , c 0 ) can be conveniently fixed using the gauge freedom in such a way that the Schwarzschild solution and flat Minkowski background are uniquely identified and directly seen.
Identification of the Schwarzschild black hole
Specific geometry can be identified by the scalar invariants (31), (32) with (27), (28). In particular, the Bach invariant evaluated at r = r 0 is
where B 1 (r 0 ) = 24c 0 c 4 ,
Vanishing of the Bach tensor (B ab = 0 ⇔ B 1 = 0 = B 2 ), which uniquely identifies the Schwarzschild solution, thus requires c 4 = 0 and 3c 1 c 3 − c 2 2 + 1 = 0. In combination with (119), (117)
The first sequence clearly yields a geometrical series, while the second series is truncated to the 3rd-order polynomial. Thus the metric functions take the closed form
Using the gauge freedom (14) , the most convenient choice
can always be made, so that the metric functions reduce tō
Notice that this function H can be rewritten as
This is exactly the standard form (99) of the Schwarzschild solution, with the black hole horizon located at r h (clearly the root of H). Thus the constant c 0 is uniquely determined in terms of the physical/geometrical parameter r h (the horizon) and an arbitrary parameter r 0 (entering the expansion variable ∆ = r − r 0 ) as 
where we have used the conditions (127) and the Schwarzschild horizon position r h = −1/(2m). This invariant value at the horizon agrees with (38). For m = 0, flat Minkowski background is obtained, corresponding to c 2 = −1, that is c 0 = −r 2 0 , in which case H(r) = −r 2 , and there is no horizon.
More general black hole solutions with nontrivial Bach tensor
Returning to the generic case (115)- (119) 
Then b 1 and b 2 are directly proportional to the two Bach tensor components B 1 (r 0 ) and B 2 (r 0 ),
and the Bach invariant at r 0 is simply expressed as
With the parametrization by b 1 , b 2 introduced in (130), assuming again the natural gauge (125) and fixing (128), the coefficients a i , c i of the explicit solution (115)-(117) are then given as
For b 1 = 0 = b 2 , we immediately recover the Schwarzschild solution (126), that is (127). In a generic case, the complete solution can be understood as the Schwarzschild black hole "background" modified by a nonzero Bach tensor, encoded in the terms that are proportional to (powers of) the dimensionless Bach parameters b 1 and b 2 . The expansion of this full solution takes the explicit form (112), (113). 
while b 1 and b 2 determine its two independent values at any given r 0
see (108) and (132) 
Then using the recurrent relations (115)-(117), we are able to express the Schwarzschild-Bach black holes using the complete expansion around any value r 0 and just a single Bach parameter b which determines the value of the Bach tensor at the horizon r h . When b = 0, the coefficients a i form a geometrical series, and the metric functions simplify to (126), (127) To this end, let us denote temporarily the coefficients in the class [0, 0] byĉ i andâ i . The limit r 0 → r h in (138)-(142) can be trivially performed, just by setting r 0 = r h , leading to the relationŝ
where equation (98) and the first relations in (92), (93) have also been employed. By comparing (85) and (115) it is also seen thatĉ j+1 satisfies the same recurrent relation as c j , so that the functions H agree. Moreover, from the relation (116) it follows that the conditionĉ 0 = 0 requires 0 =
This impliesâ
which (with the identificationĉ i+1 = c i ) is equivalent to the recurrent expression (87) for a l+1 , so that the functions Ω also agree. In other words, in the limit r 0 → r h we obtain
demonstrating the consistency of the two expressions for the Schwa-Bach black holes in these two classes of solutions.
Bachian singularity in the class [n, p] = [1, 0]
This last possible class (42) of spherically symmetric vacuum solutions represents spacetimes which are not black holes with horizon localized at r 0 . Instead, it seems to be a specific family containing a naked singularity with B ab = 0. The key equation (46) 
expressing c l+1 , starting from c 4 . Equation (48) in the lowest order l = 0 implies
and in higher orders
Finally, the field equation (47) in the lowest nontrivial order l = 0 gives the condition
All coefficients a l+1 , c l+1 are obtained by applying the recurrent relations (150), (148). This yields an explicit solution
and a 0 , c 0 , c 1 , c 2 are four initial parameters (apart from r 0 ), but not all of them are independent. Due to the gauge freedom (14), we can set, for example, a 0 = 1 and also r 0 = 0. To determine the main geometric properties we employ the scalar invariants (31), (32), which read
The Bach tensor B ab is thus nonvanishing near r 0 . And since R ab = 4k B ab = 0, this class of solutions does not contain Ricci-flat subcases. The Bach invariant always diverges at r = r 0 , and there is also a Weyl curvature singularity at r = r 0 (maybe unless c 2 = −1). Moreover, for (152) the expressions (11)-(13) in the limit r → r 0 behave as
It shows a very specific and unusual behavior of the metric functions f and h close to the curvature singularity atr = 0, in terms of the physical radial coordinater. This class [n, p] = [1, 0] of solutions corresponds to the family which has been identified in [4, 7, 17] as (s, t) = (2, 2), and nicknamed (2,2)-family in [8] , see Section 11 for more details.
9 Discussion of solutions using the expansion in powers of r −1
By inserting the series (43), (44), that is
into the key field equation (25), we obtain the relation
The second field equation (26) puts further constraints, namely
The supplementry condition following from the "trace equation" (29) reads
By comparing the corresponding coefficients of the same powers of r −l on both sides of the relation (158), we can express the coefficients C j in terms of A j s. Moreover, the terms with the lowest order imply that we have to discuss three distinct cases, namely:
• Case I ∞ : −2N + 2 < −P + 4 , i.e., P < 2N + 2 ,
• Case II ∞ : −2N + 2 > −P + 4 , i.e., P > 2N + 2 ,
• Case III ∞ : −2N + 2 = −P + 4 , i.e., P = 2N + 2 .
Let us derive all possible solutions in these cases.
Case I ∞
In the case, −2N + 2 < −P + 4, the highest order in the key equation (158) is on the left hand side, namely r −l with −l = 2N − 2, which yields the condition
The only two admitted cases are N = 0 and N = −1. The highest orders on both sides of equation (160) are
For N = 0, these powers are r P −2 and r 0 , respectively, but P − 2 < 2N = 0 by the definition of Case I ∞ . The highest order 0 = −2r 0 thus leads to a contradiction. Similarly, for the second possibility N = −1, the powers are r P −3 and r −1 , respectively, but P − 3 < 2N − 1 = −3 < −1. The highest order is thus 0 = −2r −1 , which is again a contradiction.
To summarize: There are no possible solutions in Case I ∞ .
Case II

∞
In this case, −2N + 2 > −P + 4, so that the highest order in the key equation (158) is on the right hand side, namely r −l with l = −P + 4, which gives the condition
Thus there are four possible cases, namely P = 0, P = 1, P = 2, and P = 3. Equation (160) has the highest orders on both sides as given by equation (162), that is for P = 0 :
for P = 1 :
for P = 2 :
for P = 3 :
The highest orders of all terms in equation (159) for the case P = 2, implying N < 0, are
which requires (3N 2 + 2N )C 0 = −1. Together with constraint (166) this implies N = −1, C 0 = −1.
To summarize: The only possible two classes of solutions in Case II ∞ are given by
9.3 Case III ∞ Now, −2N + 2 = −P + 4, that is N = −1 + P/2 and P = 2N + 2. In such a case, the highest order in the key equation (158) is on both sides, namely r −l with l = 2 − 2N . This implies the condition
There are three subcases to be considered, namely P = 0, P = 2, and 3A 2 0 = −4kC 0 (P − 1)(P − 3) with P = 0, 1, 2, 3. This corresponds to N = −1, N = 0, and also 3A 2 0 = −4kC 0 (4N 2 − 1) with N = −1, −1/2, 0, 1/2, respectively. The leading orders of the trace equation (160) on both sides are
Consequently, we obtain for N = −1 , P = 0 :
for N = 0 , P = 2 :
for 3A
The incompatibility in the case (174) is due to the fact that 11N 2 + 6N + 1 is always positive. In the case (173), we employ the field equation (159), which for N = 0, P = 2 requires 3A 2 0 + 2k(C 2 0 − 1) = 0. Since C 0 = −1 would imply A 0 = 0, we also end up in a contradiction.
To summarize: There are no possible solutions in Case III ∞ .
10 Description and study of all possible solutions in powers of r
−1
Now we derive and investigate spherically symmetric solutions in the domain as r → ∞ by completely solving the equations (158), (159), and their consequence (160). As it has been proven in previous Section 9, there are only two distinct cases (169) to be discussed.
Schwarzschild-Bach black holes in the class [−1, 3]
∞ : near the singularity 
These solutions represent the class of Schwarzschild-Bach black holes in Quadratic Gravity/the Einstein-Weyl theory. By setting B = 0, the Schwarzschild solution (99) is again obtained, with the horizon located at r h . In the limit r → ∞, the relation (11) impliesr = Ω(r) ∼ −1/r → 0. In such a limit, the curvature singularity atr = 0 is approached, where H → ∞. Moreover, from the relations (13) it follows that h(r) ∼ 1/(r hr ) → ∞ and f (r) ∼ h(r). Thus both metric functions of (9) diverge exactly in the same way as for the Schwarzschild solution, independently of the Bach parameter B.
Let us derive this class of solutions. The key equation (158), relabeling l → l + 2, implies
which gives all C l+1 in terms of A 0 , . . . , A l−2 , starting form C 4 = 0. The trace equation (160) yields
which expresses all A l in terms of A 0 , . . . , A l−1 and C 1 , . . . , C l . Finally, the second field equation (159) in the lowest nontrivial order l = 0 gives the additional constraint
Therefore, in this case there are four free parameters, namely A 0 , C 0 , C 1 , C 3 . Using (179) we obtain C 2 , and then A l , C l+3 for all l ≥ 1 by the application of the recurrent relations (178), (177).
Identification of the Schwarzschild black hole
The scalar invariants (31), (32) for (43), (44) now take the form
Since A 0 , C 0 are nonzero by definition, the necessary condition for the Bach tensor to vanish (which geometrically identifies the classical Schwarzschild solution) is
Interestingly, for such a setting, the expansion coefficients simplify enormously to
The first sequence is a geometrical series, while the second series is truncated to the 3rd-order polynomial. Thus the metric functions can be written in the closed form
In view of (14), we are free to chose the gauge
This is exactly the Schwarzschild black hole metric in the form (37) and (99). It also identifies the physical meaning of the coefficient C 0 as
where r h determines the horizon position, the root of H given by (187). Of course, the Schwarzschild horizon is given by r h = −1/(2m), i.e., C 0 = −2m. All free parameters of such solution are thus fixed and fully determined.
More general Schwarzschild-Bach black holes
For the physical interpretation of the more general solutions in this family, it is convenient to introduce the Bach parameter B proportional to C 6 entering (180), which for the gauge choice (186) reads C 6 = −C 3 /(90kC 0 ). We also naturally require B to be a dimensionless parameter, so that the best choice seems to be
With such B as the key parameter in the expansions (43), (44) and the same natural gauge (186), the recurrent relations (178), (177) yield an explicit solution of the field equations in a simple form 
This gives the explicit expansion (175), (176). The corresponding scalar invariants (180) atr = 0 are
which can be compared with the invariants (109) evaluated at the horizonr h
obtained previously for the class [n, p] = [0, 1] of the Schwarzschild-Bach black holes. There is a striking similarity between the two expressions for B ab B ab , and thus we could be inclined to directly identify the Bach parameter B with the parameter b. However, is should again be emphasized that B determines the value of the Bach invariant at the Weyl curvature singularityr = 0, while b determines its value at the horizonr h . And these values are, in general, distinct.
Bachian vacuum in the class
Finally, it remains to analyze the second possibility (169) in the Case II ∞ . For N = −1, P = 2 the key equation (158), relabeling l → l + 2, gives
Equation (160) in its lowest orders l = 1, 2 puts the constraints
and for higher l implies
The equation (159) gives no additional constraint. There are thus three free parameters, namely A 0 , C 1 , C 2 , and all other coefficients are determined by the relations (194), (196), starting as
Identification of flat Minkowski space
Now, for very large r the scalar invariants (31), (32) behave as
Interestingly, they remain finite, so that for r → ∞ there is no physical singularity. Moreover, for C 4 = 0 they are nonzero. In fact, the necessary condition for both the Bach and Weyl tensor invariants to vanish is C 4 = 0, that is C 2 1 + 4C 2 = 0. For such a choice, we obtain the relation C 2 = − 
Using the gauge freedom (14) we can always set
and the functions take the trivial form
In view of (187), (188), we conclude that the case C 4 = 0 gives the Schwarzschild metric with trivial value C 0 = −2m = 0 which is just flat Minkowski space without any horizon (formally r h = ∞). Of course, for flat space, both the Bach and the Weyl tensor vanish everywhere.
Bachian vacuum
Now, the complete class of solutions [N, P ] = [−1, 2] ∞ can be naturally analyzed if we introduce the Bach parameter B v proportional to C 4 because, due to (199), such solutions admit general Bach and Weyl tensors. With the same gauge (201), we observe from (198) that C 4 = C 2 /(60k), so that it is more convenient to choose the equivalent parameter C 2 , instead. The simplest choice is
With the only remaining parameter B v (in this case it is not dimensionless), the coefficients (197), (198) simplify to
yielding an explicit solution
The corresponding scalar invariants (199) now read
Therefore, we may conclude that this class of metrics [N, P ] = [−1, 2] ∞ can be understood as a oneparameter Bachian generalization of flat space (202) (that is the limit of black hole solutions without mass and horizon) with a nonzero Bach tensor whose magnitude is determined by the parameter B v , i.e., the "massless limit" of the previous class [
Interestingly, in the limit r → ∞, the expressions (11), (13) now implȳ
Both the metric functions h and f thus remain nonzero and finite, i.e., in this limit we are not approaching a horizon nor a singularity. In fact, forr → 0 the metric (9) becomes conformally flat. Interestingly, the Bach invariants (208) 
The relation (178) for l = 1, that is 3C 0 A 1 = −A 0 (1 + C 1 ), in this limit leads to
while the relations (177) for C l+1 and (194) forĈ l remain the same. Moreover, the relation (178) for
for C 0 = 0 leads tô
which is exactly (196) and thus concludes the consistency check.
Note that from the free parameters of the family [−1, 3] ∞ , two parameters become determined, namely C 0 → 0, C 1 →Ĉ 0 = −1, and one parameter C 2 →Ĉ 1 becomes undetermined since 3C 0 C 2 = C 2 1 − 1 → 0. Therefore, four free parameters A 0 , C 0 , C 1 , C 3 of the [−1, 3] ∞ family reduce to three free parametersÂ 0 ,Ĉ 1 ,Ĉ 2 of the [−1, 2] ∞ family.
Summary and relations to previous results
In this section, let us summarize all the distinct and explicit families of spherically symmetric vacuum spacetimes in QG, expressed both in powers of ∆ ≡ r − r 0 and r −1 . Moreover, we identify these families with solutions previously discussed in the literature.
In particular, in [4, 6, 7] , various classes of static spherically symmetric solutions to higher-derivative gravity equations were identified and denoted by the symbol (s, t), using the standard spherically symmetric form (9) . Such a classification was based on the powers s and t of the leading terms of a Laurent expansion of the two metric functions, namely 5
in the domainr → 0. It was shown in [4, 7] that there are three main solution families corresponding to the following choices of (s, t):
where the subscript " 0 " indicates the expansion around the originr = 0. In addition, the following three families (w, t) were identified in [7, 8] using a series expansion around a finite pointr →r 0 = 0:
that is f ∼r w and h ∼r t . The subscript "r 0 " indicates the expansion aroundr 0 . In fact, we have recovered all these families of solutions in the present paper, and we have also identified some additional families.
To find the specific mutual relations, first let us note that from the relation (11) between the spherically symmetric radial coordinater and the Kundt coordinate r, that isr = Ω(r), it follows using (39) and (43) that
•r → 0 for r → r 0 , n > 0, and also for r → ∞, N < 0 ,
•r →r 0 for r → r 0 , n = 0, and also for r → ∞, N = 0 ,
•r → ∞ for r → r 0 , n < 0, and also for r → ∞, N > 0 . Now let us find a relation between the powers (s, t) introduced by (215) and (216), respectively, and the coefficients [n, p] employed in this paper. They are the analogous leading powers of the two metric functions Ω and H, respectively. For n = 0, such a relation is found using the expressions (13) withr = Ω(r) and (39), (40) for r → r 0 . It turns out that
Analogously, using (43), (44), we obtain the relations
for the asymptotic expansion of the metric functions as r → ∞. Thus, for n = 0 and N = 0, it immediately follows that
• the family (s, t) = (1,
where the superscript " ∞ " in (0, 0) ∞ indicates the expansion asr → ∞. The two admitted cases (42) with n = 0 have to be analyzed separately (there are no cases (45) with N = 0). In the generic case when a 1 = 0, using (13), (39), (40), we obtain that
Therefore, for n = 0 and a 1 = 0 we conclude that
completing the identification of all our main six classes of solutions. Note that for n = 0, a 1 = 0 the relation between ∆ and∆ is∆ ≡r −r 0 ∼ a 1 ∆. Therefore, a series expansion with integer steps in ∆ corresponds to a series expansion with integer steps in∆ in the physical radial coordinater. All four possible generic families compatible with the field equations as r → r 0 and the series expansion (39)-(41) are summarized in Table 1 , while the two cases compatible with the field equations as r → ∞ and (43), (44), are summarized in Table 2 . We also indicate their physical interpretation and the corresponding Section, in which these solutions are described and studied. Table 2 : All possible generic types of solutions to Quadratic Gravity and the Einstein-Weyl theory that can be written as the power series (43), (44) expanded as r → ∞.
Special subclasses with n = 0
In addition to the above six main classes of solutions, in the case given by n = 0 we have identified some other special subclasses, including a new one. These are not given as integer steps inr or∆, so that these are additional classes from the point of view of expansions in powers ofr −r 0 in the physical radial coordinate. In our Kundt coordinate r, they just naturally appear as special cases of the solutions with n = 0, namely when a 1 = 0 = a 2 and a 1 = 0 = a 2 . When a 1 = 0 = a 2 , the relation is∆ ∼ a 2 ∆ 2 , and thus a series expansion with integer steps in ∆ leads to (half integer) steps∆ 1/2 . Using (13) , in such a case we obtain
For a 1 = 0 and a 2 = 0, we thus conclude that
• the family (w, t) = ( Analogously, when a 1 = 0 = a 2 and a 3 = 0, the relation is∆ ∼ a 3 ∆ 3 , and thus integer steps in ∆ corresponds to steps in∆ 1/3 . The relations are now
Thus for a 1 = 0 = a 2 and a 3 = 0, we conclude that
• the family (w, t) = ( Concerning the geometrical and physical interpretation of these special solutions, it can be generally said that the classes with n = 0 contain (among other solutions) black holes and wormholes. In particular, the class [n = 0, p = 1] represents a black hole spacetime since it admits a Killing horizon at r h = r 0 , see (19) . As pointed out in [7] , a wormhole spacetime is characterized by admitting a finite value ofr 0 where f = 0 while h = 0. Therefore, for a series expansion around this point, necessarily n = 0 = p (since H = 0), and a 1 = 0 (since Ω = 0). Thus wormholes may appear only in the class [0, 0] a 1 =0 .
The family of solutions (
2 )r 0 ,1/2 was identified in [7] and interpreted in [8] as an "unusual" type of a horizon. However, it was stated therein that it is a solution to QG only for β = 0, which implies R = 0. Thus it seems that this class does not coincide with our class [0, 1] a 1 =0 since, for all our classes, R = 0 by assumption.
Our family [0, 0] a 1 =0 corresponds to the family (1, 0)r 0 ,1/2 of [7, 8] , while our family [0, 0] a 1 =0=c 1 =c 3 , where only even powers in ∆ are considered (indicated by the subscript " E "), corresponds to the family (1, 0)r 0 ,E of [7, 8] . Both these families describe wormholes with two different (half-integer wormhole) and two same patches (integer wormhole), respectively, see [8] . Note that the Bach invariant (31) for wormholes in the [0, 0] a 1 =0 class is always nonvanishing.
To our knowledge, the specific family [0, 0] a 1 =0=a 2 has not yet been considered, and it corresponds to a new family ( 4 3 , 0)r 0 ,1/3 in the notation of [7] . It also seems that the generic solution [0, 0], with the highest number of free parameters, can be connected to all other solutions, and it represents an expansion around a generic point in these spacetimes.
In Table 3 , we summarize all the classes and subclasses found and identified both in the physical and Kundt coordinates, grouped according to the regions in which the expansions are taken in the usual radial coordinater.
Schwarzschild black hole (S) Table 3 : All solutions, sorted according to the physical regions in which the expansions are taken. The subscripts " 0 ", "r 0 " and the superscript " ∞ " denote solutions (s, t) or (w, t) nearr = 0,r =r 0 , and r → ∞, respectively. The subscript " E " indicates that only even powers are present in the expansion, while " 1/2 " and " 1/3 "indicate that fractional powers are present. Specific number of free parameters is given before and after removing two parameters by the gauge freedom (14) in the Kundt coordinates. In physical coordinates, only one parameter can be removed by rescaling (20) . The symbols "(S)" or "(nS)" indicate that a class of solutions contains or does not contain the Schwarzschild black hole, respectively.
Discussion and analysis of the Schwarzschild-Bach black holes
In this section, we discuss the behavior of the series expressing the Schwarzschild-Bach black hole solutions (102), (103). For our analysis, we choose the same values of the parameters as in our previous paper [10] , namely r h = −1, k = 0.5, b = 0.3633018769168. Such a very special value of b is "close" to the asymptotically flat case. 6 The key observation for estimating the radius of convergence can be made from Figure 1 . Interestingly, the ratios of subsequent terms given by the recurrent relations (105) are approaching a constant asymptotically. This suggests that both series given by α n and γ n behave as geometric series for large n, with the ratio q being apparently equal for both the series. Therefore, the series for Ω and H, given by (102), (103), should be convergent for −1 − For comparison, Figure 3 illustrates the convergence of the corresponding metric functions f (r) and h(r) in the standard spherically symmetric coordinates. The solution quickly converges, and approaches a numerical solution even at a large distance from the horizon located atr h = 1.
From the value of Ω(r) ≡r at the lower boundary of the domain of convergence shown in Figure 2 , we can easily read off its valuer ≈ 0.53 in the usual radial coordinate. In contrast, the value of the coordinater given by Ω(r) at the upper boundary remains unclear since it depends on the precise value of the series (102) at the upper boundary of the domain of convergence. In fact, we cannot even say with certainty that the radius of convergence in the standard spherical coordinater is finite -it may well extend up tor → ∞.
Finally, it is illustrative to show explicitly that, in contrast to the Schwarzschild solution, the metric functions f (r) and h(r) for the Schwarzschild-Bach black holes are not equal. This is clearly seen from their plots in Figure 4 . 13 Main physical properties of the Schwarzschild-Bach black holes
Specific observable effects on test particles caused by the Bach tensor
In this section we demonstrate that the two parts B 1 , B 2 of the Bach tensor (27), (28), entering the invariant (31), that distinguish the Schwa-Bach and the Schwarzschild black holes, can be explicitly observed via a specific influence on particles. It is well known that a relative motion of freely falling test particles (observers) directly encodes specific components of the spacetime curvature, such as the tidal deformation in the vicinity of a black hole, or a transverse effect of gravitational waves measurable by a laser interferometer detector. This is described by the equation of geodesic deviation, see [18, 19] for a recent review with historical remarks and description of the formalism that we are going to employ here.
Interpreting solutions to Quadratic Gravity using geodesic deviation
To obtain physically measurable information about the relative motion, we have to choose an orthonormal frame {e (0) , e (1) , e (2) , e (3) } such that e (a) · e (b) = η ab , where the time-like vector e (0) = u is observer's 4-velocity. Projecting the equation of geodesic deviation onto this frame we obtain
Spacetime curvature, characterized by the Riemann tensor, can then be decomposed into the traceless Weyl tensor, the Ricci tensor, and the scalar curvature R. Its projection (230) gives
Moreover, the vacuum field equations (8) of Quadratic Gravity (including the Einstein-Weyl theory), R ab = 4k B ab implying R = 0, can be employed. Substituting these relations into (231), we finally obtain the invariant form of the equation of geodesic deviation (229) as
Of course,
(j) since the spatial part of the frame is Cartesian. The Weyl tensor projections C (i)(0)(0)(j) can be further decomposed and expressed in terms of the Newman-Penrose scalars Ψ A with respect to the (real) null frame {k, l, m i } which is defined by
Thus, k and l are future oriented null vectors, and m i are two spatial vectors orthogonal to them, normalized as k · l = −1 and m i · m j = δ ij . Such a generic decomposition was found in [18, 19] . Using these results, we obtain the corresponding general form of the equation of geodesic deviation (232) in Quadratic Gravity/the Einstein-Weyl theory:
where we have used the relation Ψ 2T (ij) = 1 2 Ψ 2S δ ij valid in D = 4, see [19] . This system of equations admits a clear physical interpretation: The Newtonian component Ψ 2S of the gravitational field causes classical tidal deformations, Ψ 3T i , Ψ 1T i are responsible for longitudinal motions, while Ψ 4 ij , Ψ 0 ij represent the transverse effects of gravitational waves (propagating in the directions e (1) , −e (1) , respectively). The additional specific effects caused by the nonvanishing Bach tensor are encoded in the frame components B (a)(b) .
Geodesic deviation in the Schwarzschild-Bach black hole spacetimes
Let us concentrate on the spherically symmetric black hole metric in the form (12) , or (15) with (17) . In particular, we introduce the "interpretation" orthonormal frame associated with a radially falling observer, i.e., assumingẋ = 0 =ẏ. Such a frame reads
The influence of these two distinct components B 1 and B 2 of the Bach tensor B ab on test particles is even more explicitly seen in the geodesic deviation of initially static test particles withṙ = 0. The 4-velocity normalization then implies Ω 2 Hu 2 = −1, which simplifies (243), (244) tö
From these expressions, it immediately follows that the first component B 1 of the Bach tensor is directly observed in the transverse components of the acceleration (246) along e (2) , e (3) , that is ∂ x , ∂ y (equivalent to ∂ θ , ∂ φ ), while the second component B 2 only occurs in the radial component (245) along
proportional to ∂r.
Interestingly, on the horizon there is only the radial effect given by B 2 (r h ) since B 1 (r h ) = 0 due to (27) and (19) , see also (108).
It can also be proven by direct calculation that the specific character of B 1 , B 2 cannot mimic the Newtonian tidal effect in the Schwarzschild solution, i.e., cannot be "incorporated" into the first terms Ω −2 H + 2 in (245), (246). Therefore, by measuring the free fall of a set of test particles, it is possible to distinguish the pure Schwarzschild black hole from the Schwarzschild-Bach black hole geometry which has nonvanishing Bach tensor B ab = 0.
Thermodynamic properties: horizon area, temperature, entropy
It is also important to determine main geometrical and thermodynamic properties of the family of Schwarzschild-Bach black holes. The horizon in these spherically symmetric spacetimes is generated by the rescaled null Killing vector ξ ≡ σ∂ u = σ∂ t , considering the time-scaling freedom (20) represented by a parameter σ. Thus it appears at zero of the metric function H(r), where the norm of ξ vanishes, see (19) . In the explicit form (102), (103) this is clearly located at r = r h since H(r h ) = 0. By simply integrating the angular coordinates of the metric (12), we immediately obtain the horizon area as
The only nonzero derivatives of ξ are ξ u;r = −ξ r;u = 1 2 σ(Ω 2 H) , and thus ξ r;u = −ξ u;r = Ω −4 ξ u;r . From the definition [20] of surface gravity κ 2 ≡ − 1 2 ξ µ;ν ξ µ;ν , we obtain κ = − 1 2 σ(H + 2H Ω /Ω). On the horizon, where H = 0, using (103) this simplifies to
It is the same expression as for the Schwarzschild solution (in which case κ = 1/4m). The standard expression for temperature of the black hole horizon T ≡ κ/(2π), which is valid even in higher-derivate gravity theories [21] , thus yields
independent of the Bach parameter b. However, in higher-derivative theories it is not possible to use the usual formula S = 1 4 A to determine the black hole horizon entropy. Instead, it is necessary to apply the generalized formula derived by Wald [22, 23] , namely
where the Noether charge 2-form Q on the horizon is
in which L is the Lagrangian of the theory. In the case of Quadratic Gravity (1), it can be shown that
Subsequent lengthy calculation for the metric (12) with Λ = 0 then leads to
Evaluating the integral (250), and using (247), (248), (108), we finally obtain
This explicit formula for the Schwarzschild-Bach black hole entropy agrees with the numerical results presented in [6] , with the identification k = α and b = δ * . In fact, it gives a geometrical interpretation of the "non-Schwarzschild parameter" δ * as the dimensionless Bach parameter b that determines the value of the Bach tensor on the horizon r h , see relations (108). Of course, for the Schwarzschild black hole (b = 0) or in Einstein's General Relativity (k = 0) we recover the standard expression S = 1 4G A. Notice also from (254) that for a given b = 0, the deviation from this standard Schwarzschild entropy is larger when the Schwarzschild-Bach black holes are smaller because they have smallerr h .
Conclusions
The class of spherically symmetric black holes in Quadratic Gravity and the Einstein-Weyl theory was studied in many previous works, in particular [4] [5] [6] [7] [8] , often by numerical methods applied to complicated field equations corresponding to the standard form of the spherical metric (9) . In [10, 11] , using a convenient form of the line element (12) conformal to a simple Kundt seed, we obtained a surprisingly simple form of the field equations (25), (26). This enabled us to find an explicit form of their exact solutions. Moreover, we identified the Bach tensor as the key ingredient which makes the Schwarzschild solution geometrically distinct from the other branch of "non-Schwarzschild" ones. This is a direct consequence of the extension of Einstein's theory to include higher derivative corrections.
The present paper contains a thorough analysis of all such solutions and their derivation, including the details which had to be omitted in our brief letter [10] .
We have started with the conformal-to-Kundt metric ansatz (12) . Together with the Bianchi identities, this leads to a compact form of the Quadratic Gravity field equations (8), assuming R = 0, namely the autonomous system of two ordinary differential equations (25) and (26) for two metric functions Ω(r) and H(r). They have been solved in terms of power series representing these metric functions, expanded around any fixed point r 0 (39), (40), or using the asymptotic expansion (43), (44), respectively. The field equations have become the algebraic constraints (46), (47) in the fixed point case (near r 0 ), and (158), (159) in the asymptotic region (as r → ∞). Their dominant orders restrict the admitted solutions to (42) and (45), respectively. The detailed discussion of all the possible six main classes, together with a suitable fixing of the gauge freedom, can be found in subsequent Sections 8 and 10. The classes are summarized in Tables 1 and 2 in Section 11.
The most prominent case corresponds to the spherically symmetric black hole spacetimes with (in general) nonvanishing Bach tensor. This solution has been expanded around the event horizon, see Subsection 8.2. The metric functions Ω(r) and H(r) are given by the series (102), (103) with the initial coefficients specified by (104), and all other coefficients determined by the recurrent relations (105). Thus we have obtained the two-parametric family of black holes characterized by the radial position r h of the horizon and by the additional parameter b. The new Bach parameter distinguishes this more general Schwarzschild-Bach solutions (b = 0) from the classical Schwarzschild spacetime with vanishing Bach tensor (b = 0). The main mathematical properties of the Schwarzschild-Bach metric functions are presented and visualized in Section 12. Subsequent Section 13 contains the physical and geometrical analysis. We have discussed specific behavior of freely falling test observers, described by the equation of geodesic deviation, and demonstrated that their relative motion encodes the presence of the Bach tensor. The physical investigation is completed by a fully explicit evaluation of the thermodynamic quantities. In particular, the expression for entropy (254) exhibits the key role of the Bach parameter b.
Finally, for convenience, in Section 11 we have also summarized all the admitted classes of solutions, including their physical interpretation, the number of free parameters and, most importantly, relations to previous works. See, in particular, Table 3 .
We hope that our approach to spherically symmetric vacuum solutions to Quadratic Gravity and the Einstein-Weyl theory may elucidate some of their properties that are not easily accessible by numerical simulations. Of course, we are aware of many remaining open questions. For example, complete analytic identification of the same physical solution in distinct classes and their mutual relations are still missing. It is also of physical interest to understand the effect of nontrivial Bach tensor in the Schwarzschild-Bach spacetimes on perihelion shift and light bending, studied thoroughly during the last century in Einstein's theory using the Schwarzschild solution.
A The Ricci and Bach tensors for the Kundt seed
We start with the seed Kundt metric (17 
Recall that the spatial 2-metric g ij is a round sphere of unit radius, with the Gaussian curvature K = 1 and thus its Ricci scalar is R = 2K = 2. The nontrivial Christoffel symbols for this metric are 
where S Γ k ij ≡ 1 2 g kl (2g l(i,j) − g ij,l ) are the symbols with respect to the spatial metric g ij of the 2-sphere. The only nontrivial Riemann curvature tensor components are
and the only nontrivial Ricci tensor components of (255) are
while the Ricci scalar reads
so that the only nontrivial Weyl tensor components are
The nonzero components of the Bach tensor are 
involving up to the 4th derivative of the metric function H(r). 
B The Ricci and Bach tensors for the conformal metric
Now, it is well-known [20] that under a conformal transformation of the seed metric
the Ricci scalar and the Ricci and Bach tensors transform as
For the Kundt seed metric g (261) and (267)- (270), respectively. The nontrivial derivatives (with respect to the Kundt seed) of the conformal factor Ω(r) are, in view of (257),
Ω = −(HΩ + H Ω ) .
Employing (274), the nonvanishing Ricci tensor components of the metric (271) are thus
and using (273) we obtain R = 6Ω −3 HΩ + H Ω + 
The nonvanishing Bach tensor components B ab are obtained by a trivial rescaling (275) of (267)-(270).
C Derivation and simplification of the field equations
The vacuum field equations in the Einstein-Weyl theory and also general Quadratic Gravity for the metric g ab are (8) , that is R ab = 4k B ab .
Using the expressions (277)- (280) and (275) with (267)-(270), these field equations explicitly read
